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UNIVERSAL CENTRAL EXTENSIONS OF HOM-LIE
ANTIALGEBRAS
TAO ZHANG AND DESHOU ZHONG
Abstract. We develop a theory of universal central extensions for Hom-Lie
antialgebra. It is proved that a Hom-Lie antialgebra admits a universal central
extension if and only if it is perfect. Moreover, we show that the kernel of the
universal central extension is equal to the second homology group with trivial
coefficients.
1. Introduction
This is the third of our series papers which are denoted to study Hom-Lie
antialgebra. The notion of Lie antialgebras was introduced by V. Ovsienko in [16]
as an algebraic structure in the context of symplectic and contact geometry of
Z2-graded space. A Lie antialgebra is a Z2-graded vector space a = a0⊕a1 where
a0 is a commutative associative algebra acting on a1 as derivation satisfying some
compatible conditions, see also [11, 12, 14]. In the first paper [21], we introduced
the concept of Hom-Lie antialgebras which is a Hom-analogue of Ovsienko’s Lie
antialgebras. The general representations and cohomology theory of Hom-Lie
antialgebras are investigated. For cohomology theory of other types of algebras,
see [1, 8, 17, 18, 19, 20]. In the second paper [22], we introduced the notation of
crossed module for Hom-Lie antialgebras. The relationship between the crossed
module extension of Hom-Lie antialgebras and the third cohomology group are
investigated.
On the other hand, central extensions is an important construction in Math-
ematics. For universal central extensions of Lie groups, Lie algebras, Leibniz
algebras and Lie-Rinehart algebras, see [2, 3, 6, 9, 10, 13, 15]. For universal
central extensions of different Hom-type of algebras, see [4, 5, 7]. In this paper,
we develop some (co)homology theory and universal central extensions of Hom-
Lie antialgebra. It is a natural question that if the universal central extensions
construction can be developed in the theory of Hom-Lie antialgebra. Thanks to
the cohomology theory of Hom-Lie antialgebra defined in [21], we are able to
introduce the concept of a perfect Hom-Lie antialgebra and construct a canonical
one. Using this, we prove that a Hom-Lie antialgebra admits a universal central
extension if and only if it is perfect. Moreover, we show that the kernel of the
universal central extension is equal to the second homology group with trivial
coefficients.
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The paper is organized as follows. In Section 2, we give some notations and
properties of Hom-Lie antialgebras. In Section 3, we define the low dimensional
(co)homology theory of Hom-Lie antialgebra. In Section 4, we study universal
central extensions of Hom-Lie antialgebras. We prove our main result that a Hom-
Lie antialgebra admits a universal central extension if and only if it is perfect.
Throughout this paper, we work on an algebraically closed field of characteristic
0. For a Z2-vector space (vector superspace) V = V0⊕V1, we denote by (V⊗V )0 =
(V0 ⊗ V0) ⊕ (V1 ⊗ V1) and (V ⊗ V )1 = (V0 ⊗ V1) ⊕ (V1 ⊗ V0). A morphism
f : V → W between two Z2-graded vector spaces V and W is assumed to be
grade-preserving linear map: f(V0) ⊆ W0 and f(V1) ⊆ W1, and thus can be
seen as two linear maps: f0 := f |V0 : V0 → W0 and f1 := f |V1 : V1 → W1. A
Hom-vector superspace (V, αV0 , βV1) is a Z2-vector space V = V0 ⊕ V1 with two
linear maps αV0 : V0 → V0, βV1 : V1 → V1.
2. Hom-Lie antialgebras
Definition 2.1. [21] A Hom-Lie antialgebra (a, α, β) is a supercommutative Z2-
graded algebra: a = a0⊕a1, together with three structural operations: · : a0×a0 →
a0, · : a0 × a1 → a1, [, ] : a1 × a1 → a0 and two linear maps α : a0 → a0, β : a1 →
a1, satisfying the following identities:
α(x1) · (x2 · x3) = (x1 · x2) · α(x3), (2.1)
α(x1) · (x2 · y1) =
1
2
(x1 · x2) · β(y1), (2.2)
α(x1) · [y1, y2] = [x1 · y1, β(y2)] + [β(y1), x1 · y2], (2.3)
β(y1) · [y2, y3] + β(y2) · [y3, y1] + β(y3) · [y1, y2] = 0, (2.4)
for all x1, x2, x3 ∈ a0 and y1, y2, y3 ∈ a1.
In the above definition (a, α, β) is a supercommutative algebra means that
x1 · x2 = x2 · x1, x1 · y1 = y1 · x1 and y1 · y2 = −y2 · y1. That is why we denote
y1 · y2 by [y1, y2] in the above equation which is slightly different from notations
in [16, 11].
A Hom-Lie antialgebra is called a multiplicative Hom-Lie antialgebra if α, β
are algebraic morphisms, i.e. for any xi ∈ a0, yi ∈ a1, we have
α(x1 · x2) = α(x1) · α(x2),
β(x1 · y1) = α(x1) · β(y1),
α([y1, y2]) = [β(y1), β(y2)].
Definition 2.2. Let (a, α, β) be a Hom-Lie antialgebra. A Hom-Lie sub-antialgebra
b is a subspace of a, which is closed for the structural operations and invariant
by α, β, that is,
(i) b0 · b0 ⊆ b0, b0 · b1 ⊆ b1, [b1, b1] ⊆ b0,
(ii) α(b0) ⊆ b0, β(b1) ⊆ b1.
We call a Hom-Lie sub-antialgebra b of a to be an ideal if
(iii) b0 · a0 ⊆ b0, b0 · a1 ⊆ b1, b1 · a0 ⊆ b1 and [b1, a1] ⊆ b0,
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where we denote by b0 ·b0 = {x1 ·x2|∀x1, x2 ∈ b0}, b0 ·a1 = {x1 ·y1|∀x1 ∈ b0,∀y1 ∈
a1}, [b1, a1] = {[y1, y2]|∀y1 ∈ b1, y2 ∈ a1}, etc.
Definition 2.3. Let (a, α, β) and (a′, α′, β′) be two Hom-Lie antialgebras. A
Hom-Lie antialgebra homomorphism φ : a → a′ consists of linear maps φ0 : a0 →
a′
0
, φ1 : a1 → a
′
1
, such that the following equalities hold for all x1, x2 ∈ a0, y1, y2 ∈
a1:
φ0 ◦ α = α
′ ◦ φ0, (2.5)
φ1 ◦ β = β
′ ◦ φ1, (2.6)
φ0(x1 · x2) = φ0(x1) · φ0(x2), (2.7)
φ1(x1 · y1) = φ0(x1) · φ1(y1), (2.8)
φ0([y1, y2]) = [φ1(y1), φ1(y2)]. (2.9)
where in the right hand side of (2.7)–(2.9) the structural operations ·′ and [, ]′ in
(a′, α′, β′) are denoted by · and [, ] for simplicity if it does not cause confusion.
Given two Hom-Lie antialgebras (a, α, β) and (a′, α′, β′), there is a Hom-Lie
antialgebra (a⊕ a′, α+ α′, β + β′), where the structural operations are given by
(x1, x
′
1) · (x2, x
′
2) = (x1 · x2, x
′
1 · x
′
2),
(x1, x
′
1) · (y1, y
′
1) = (x1 · y1, x
′
1 · y
′
1),
[(y1, y
′
1), (y2, y
′
2)] = ([y1, y2], [y
′
1, y
′
2]),
and the linear maps α+ α′, β + β′ : a⊕ a′ → a⊕ a′ are given by
(α+ α′)(x1, x
′
1) = (α(x1), α
′(x′1)),
(β + β′)(y1, y
′
1) = (β(y1), β
′(y′1)).
for all x1, x2 ∈ a0, y1, y2 ∈ a1 and x
′
1
, x′
2
∈ a′
0
, y′
1
, y′
2
∈ a′
1
.
Denote by Gφ
0
= {(x, φ0(x)} ⊂ a0 ⊕ a
′
0
, Gφ
1
= {(y, φ1(y)} ⊂ a1 ⊕ a
′
1
the graph
of linear maps φ0 : a0 → a
′
0, φ1 : a1 → a
′
1. Put G
φ = Gφ
0
⊕Gφ
1
⊆ a⊕ a′.
Proposition 2.4. Let (a, α, β) and (a′, α′, β′) be two Hom-Lie antialgebras. A
morphism φ : a → a′ is a homomorphism of Hom-Lie antialgebras if and only if
the graph Gφ is a Hom-Lie sub-antialgebra of (a⊕ a′, α+ α′, β + β′).
Proof. Let φ : a → a′ be a homomorphism of Hom-Lie antialgebras, then for any
y1, y2 ∈ a, we have
(x1, φ0(x1)) · (x2, φ0(x2)) = (x1 · x2, φ0(x1) · φ0(x2)) = (x1 · x2, φ0(x1 · x2)),
(x1, φ0(x1)) · (y1, φ1(y1)) = (x1 · y1, φ0(x1) · φ1(y1)) = (x1 · y1, φ0(x1 · y1)),
[(y1, φ1(y1)), (y2, φ(y2))] = ([y1, y2], [φ1(y1), φ(y2)]) = ([y1, y2], φ[y1, y2]).
Thus the graph Gφ is closed under the structural operations. Furthermore, by
(2.5) and (2.6), we have
(α+ α′)(x, φ0(x)) = (α(x), α
′ ◦ φ0(x)) = (α(x), φ0 ◦ α(x)),
(β + β′)(y, φ1(y)) = (β(y), β
′ ◦ φ1(y)) = (β(y), φ1 ◦ β(y)),
4 T. ZHANG AND D. ZHONG
which implies that (α + α′)(Gφ
0
) ⊂ Gφ
0
and (β + β′)(Gφ
1
) ⊂ Gφ
1
. Thus Gφ is a
Hom-Lie sub-antialgebra of (a⊕ a′, α+ α′, β + β′)
Conversely, if graph Gφ is a Hom-Lie sub-antialgebra of (a⊕ a′, α+α′, β+β′),
then we have
(x1, φ0(x1)) · (x2, φ0(x2)) = (x1 · x2, φ0(x1) · φ0(x2)) ∈ G
φ
0
,
(x1, φ0(x1)) · (y1, φ1(y1)) = (x1 · y1, φ0(x1) · φ1(y1)) ∈ G
φ
1
,
[(y1, φ1(y1)), (y2, φ(y2))] = ([y1, y2], [φ1(y1), φ(y2)]) ∈ G
φ
0
.
which implies that
φ0(x1) · φ0(x2) = φ0(x1 · x2),
φ0(x1) · φ1(y1) = φ1(x1 · y1),
[φ1(y1), φ1(y2)] = φ0([y1, y2]).
Furthermore, (α+ α′)(Gφ
0
) ⊂ Gφ
0
and (β + β′)(Gφ
1
) ⊂ Gφ
1
yields that
(α+ α′)(x, φ(x)) = (α(x), α′ ◦ φ(x)) ∈ Gφ
0
,
(β + β′)(y, φ(y)) = (β(x), β′ ◦ φ(y)) ∈ Gφ
1
,
which is equivalent to the condition α′ ◦φ(x) = φ◦α(x) and β′◦φ1(y) = φ1 ◦β(y).
Therefore, φ : a→ a′ is a homomorphism of Hom-Lie antialgebras. 
3. Low (co)homology and central extensions
Now we introduce some low dimensional homology and cohomology theory for
Hom-Lie antialgebra with trivial coefficients.
Let (a, α, β) be a Hom-Lie antialgebra and denote by Cn(a) = ⊗na∗ the n-
cochain where a∗ = a∗
0
⊕ a∗
1
is dual space of a. We define the linear maps
dn : Cn−1(a) → Cn(a)(n = 1, 2)
by
d1 : a∗ → a∗ ⊗ a∗, d2 : a∗ ⊗ a∗ → a∗ ⊗ a∗ ⊗ a∗
as follows.
For 1-cochain
υ = (υ0, υ1) ∈ a
∗,
where υ0 ∈ a
∗
0
, υ1 ∈ a
∗
1
, we define
d1υ(x1, x2) = υ0(x1 · x2), (3.1)
d1υ(x1, y1) = υ1(x1 · y1), (3.2)
d1υ(y1, y2) = υ0([y1, y2]). (3.3)
For 2-cochain
ω = (ω0, ω1, ω2) ∈ a
∗ ⊗ a∗,
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where ω0 ∈ a
∗
0 ⊗ a
∗
0, ω1 ∈ a
∗
0 ⊗ a
∗
1, ω2 ∈ a
∗
1 ⊗ a
∗
1, we define
d2ω(x1, x2, x3) = ω0(α(x1), x2 · x3)− ω0(x1 · x2, α(x3)), (3.4)
d2ω(x1, x2, y1) = ω1(α(x1), x2 · y1)−
1
2
ω1(x1 · x2, β(y1)), (3.5)
d2ω(x1, y1, y2) = ω0(α(x1), [y1, y2])− ω2(x1 · y1, β(y2))
−ω2(β(y1), x1 · y2), (3.6)
d2ω(y1, y2, y3) = ω1(β(y1), [y2, y3]) + ω1(β(y2), [y3, y1])
+ω1(β(y3), [y1, y2]). (3.7)
Proposition 3.1. With the above notations, we have d2 ◦ d1 = 0.
Proof. By direct computations, we get
d2 ◦ d1υ(x1, x2, x3)
= d1υ0(α(x1), x2 · x3)− d
1υ0(x1 · x2, α(x3))
= υ0(α(x1) · (x2 · x3)− (x1 · x2) · α(x3))
= 0.
Similarly, we have
d2 ◦ d1υ(x1, x2, y1) = υ1(α(x1) · (x2 · y1)−
1
2
(x1 · x2) · β(y1)) = 0.
d2 ◦ d1υ(x1, y1, y2) = υ0(α(x1) · [y1, y2])− υ0([x1 · y1, β(y2)])
+υ0([β(y1), x1 · y2]) = 0.
d2 ◦ d1υ(y1, y2, y3) = υ1(β(y1) · [y2, y3]) + υ1(β(y2) · [y3, y1])
+υ1(β(y3) · [y1, y2]) = 0.
This complete the proof. 
Denote by Cn(a) = ⊗
na. We define the linear maps
dn : Cn(a)→ Cn−1(a)(n = 2, 3)
d3 : a⊗ a⊗ a → a⊗ a, d2 : a⊗ a → a
by the following
d2(x1 ⊗ x2) = x1 · x2, (3.8)
d2(x1 ⊗ y1) = x1 · y1, (3.9)
d2(y1 ⊗ y2) = [y1, y2]. (3.10)
d3(x1 ⊗ x2 ⊗ x3) = α(x1)⊗ x2 · x3 − x1 · x2 ⊗ α(x3), (3.11)
d3(x1 ⊗ x2 ⊗ y1) = α(x1)⊗ x2 · y1 −
1
2
x1 · x2 ⊗ β(y1), (3.12)
d3(x1 ⊗ y1 ⊗ y2) = α(x1)⊗ [y1, y2]− x1 · y1 ⊗ β(y2)
−β(y1)⊗ x1 · y2, (3.13)
d3(y1 ⊗ y2 ⊗ y3) = β(y1)⊗ [y2, y3] + β(y2)⊗ [y3, y1]
+β(y3)⊗ [y1, y2]. (3.14)
Since (a, α, β) is a Hom-Lie antialgebra, we have the following result.
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Proposition 3.2. With the above notations, we have d2 ◦ d3 = 0.
Proof. The proof is trivial. 
In the above, we have define the (co)homology for a Hom-Lie antialgebra
(a, α, β) with trivial coefficients. In fact, we can also define (co)homology for
a Hom-Lie antialgebra (a, α, β) with nontrivial coefficients, see [21] for details.
Let (a, α, β) be a Hom-Lie antialgebra, (V, αV0 , βV1) be a Hom-vector super-
space. A triple of linear maps ω = (ω0, ω1, ω2) where
ω0 : a0 × a0 → V0, ω1 : a0 × a1 → V1, ω2 : a1 × a1 → V0
is called a 2-cocycle with coefficients in V if they satisfying the following condi-
tions
ω0(α(x1), x2 · x3)− ω0(x1 · x2, α(x3)) = 0, (3.15)
ω1(α(x1), x2 · y1)−
1
2
ω1(x1 · x2, β(y1)) = 0, (3.16)
ω0(α(x1), [y1, y2])− ω2(x1 · y1, β(y2))− ω2(β(y1), x1 · y2) = 0, (3.17)
ω1(β(y1), [y2, y3]) + ω1(β(y2), [y3, y1]) + ω1(β(y3), [y1, y2]) = 0. (3.18)
Now we study central extensions of Hom-Lie antialgebra. We construct a
central extension by using a 2-cocycle of Hom-Lie antialgebra (a, α, β) with coef-
ficients in V .
Definition 3.3. Let (V, αV0 , βV1), (a, α, β) and (a˜, α˜, β˜) be Hom-Lie antialgebras.
An extension of a by V is a short exact sequence
0 // V
i
// a˜
pi
// a // 0
of Hom-Lie antialgebra. It is called a central extension, if V is contained in the
center Z(a˜) of a˜.
Let (a, α, β) be a Hom-Lie antialgebra, (V, αV0 , βV1) be a Hom-vector super-
space. We define on the direct sum space (a⊕ V, α+ αV0 , β + βV1) the following
operations:
(α+ αV0)(x1, u1) := (α(x1), αV0(u1)),
(β + βV1)(y1, v1) := (β(y1), αV1(v1)),
(x1, u1) · (x2, u2) := (x1 · x2, ω0(x1, x2)),
(x1, u1) · (y1, v1) := (x1 · y1, ω1(x1, y1)),
[(y1, v1), (y2, v2)] := ([y1, y2], ω2(y1, y2)).
for all x1, x2 ∈ a0, y1, y2 ∈ a1, u1, u2 ∈ V0, w1, w2 ∈ V1. The space with the
above operations is denoted by a⊕ω V .
Lemma 3.4. With the above notations, (a⊕ω V, α+ αV0 , β + βV1) is a Hom-Lie
antialgebra if and only if ω = (ω0, ω1, ω2) is a 2-cocycle of Hom-Lie antialgebra
(a, α, β) with coefficients in V . In this case, the following exact sequence
0 // V
i
// a⊕ω V
pi
// a // 0
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is a central extension of a by V where i is the canonical including map and pi is
the projection map.
Proof. Assume ω = (ω0, ω1, ω2) is a 2-cochain of Hom-Lie antialgebra (a, α, β)
with coefficients in V . We will verify that a ⊕ω V with the above operations
satisfy identities (2.1)–(2.4) if and only if ω satisfy 2-cocycle conditions (3.15)–
(3.18). Firstly, we compute
(α+ αV0)((x1, u1)) · ((x2, u2) · (x3, u3))
= (α(x1), αV0(u1)) · ((x2, u2) · (x3, u3))
=
(
α(x1) · (x2 · x3), ω0(α(x1), x2 · x3)
)
((x1, u1) · (x2, u2)) · (α+ αV0)((x3, u3))
= ((x1, u1) · (x2, u2)) · (α(x3), αV0(u3))
=
(
(x1 · x2) · α(x3), ω0(x1 · x2, α(x3)
)
Thus (2.1) hold if and only if (3.15) hold.
Secondly, we compute
(α+ αV0)((x1, u1)) · ((x2, u2) · (y1, v1))
= (α(x1), αV0(u1)) · ((x2, u2) · (y1, v1))
=
(
α(x1) · (x2, y1), ω1(α(x1), x2 · y1)
)
((x1, u1) · (x2, u2)) · (β + βV1)(y1, v1)
= ((x1, u1) · (x2, u2)) · (β(y1), βV1(v1))
=
(
(x1, x2) · β(y1), ω1(x1 · x2, β(y1))
)
Thus (2.2) hold if and only if (3.16) hold.
Thirdly, we have
(α+ αV0)(x1, u1) · [(y1, v1) · (y2, v2)]
= (α(x1), αV0(u1)) · [(y1, v1) · (y2, v2)]
=
(
α(x1) · [y1, y2], ω0(α(x1), [y1, y2])
)
[(x1, u1) · (y1, v1), (β + βV1)(y2, v2)]
= [(x1, u1) · (y1, v1)), (β(y2), βV1(v2))]
=
(
(x1 · y1) · β(y2), ω2(x1 · y1, βV1(v2))
)
[(β + βV1)(y1, v1), (x1, u1) · (y2, v2)]
= [(β(y1), βV1(v1)), (x1, u1) · (y2, v2)]
=
(
β(y1) · (x1 · y2), ω2(x1 · y2, β(y1))
)
Thus (2.3) hold if and only if (3.17) hold.
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Finally, we have
(β + βV1)(y1, v1) · [(y2, v2), (y3, v3)]
= (β(y1), βV1(v1)) · [(y2, v2), (y3, v3)]
=
(
β(y1) · [y2, y3], ω1(β(y1), [y2, y3])
)
(β + βV1)(y2, v2) · [(y3, v3), (y1, v1)]
= (β(y2), βV1(v2)) · [(y3, v3), (y1, v1)
=
(
β(y2) · [y3, y1], ω1(β(y2), [y3, y1])
)
(β + βV1)(y3, v3) · [(y1, v1), (y2, v2)]
=
(
β(y3), βV1(v3)) · [(y1, v1), (y2, v2)]
=
(
β(y3) · [y1, y2], ω1(β(y3), [y1, y2])
)
Thus (2.4) hold if and only if (3.18) hold.
Therefore we obtain that a ⊕ω V is a Hom-Lie antialgebra if and only if ω =
(ω0, ω1, ω2) is a 2-cocycle with coefficients in V . We complete the proof. 
4. Universal central extensions
In this section we will deal with universal central extensions of Hom-Lie an-
tialgebras. We generalize classical results of universal central extensions theory
of Lie algebras.
Definition 4.1. A central extension
(CE) 0 // V
i
// a˜
pi
// a // 0
is said to be universal if for every central extension
(CE′) 0 // V
î
// â
pi
// a // 0
there exists a unique homomorphism of Hom-Lie antialgebras ϕ : a˜ → â such that
pi ◦ ϕ = pi.
Definition 4.2. A Hom-Lie antialgebra (a, α, β) is said to be perfect if a0 =
a0 · a0 = [a1, a1] and a1 = a0 · a1.
If we define the ideal of a generated by the elements of the form [[a, a]] =
〈x1 · x2, x1 · y1, y1 · y2|∀x1, x2 ∈ a0,∀y1, y2 ∈ a1〉, then a is perfect if and only if
a = [[a, a]].
Lemma 4.3. Let ϕ : a˜ → a be a surjective homomorphism of Hom-Lie antialge-
bras. If (a˜, α˜, β˜) is a perfect Hom-Lie antialgebra, then (a, α, β) is also a perfect
Hom-Lie antialgebra.
Proof. Since (a˜, α˜, β˜) is a perfect Hom-Lie antialgebra and ϕ : a˜ → a be a sur-
jective homomorphism, we get a0 = ϕ(a˜0) = ϕ(a˜0 · a˜0) = ϕ(a˜0) · ϕ(a˜0) = a0 · a0.
Similarly we have a0 = ϕ([a˜1, a˜1]) = [ϕ(a˜1), ϕ(a˜1)] = [a1, a1] and a1 = ϕ(a˜1) =
ϕ(a˜0 · a˜1) = ϕ(a˜0) · ϕ(a˜1) = a0 · a1. Thus (a, α, β) is also a perfect Hom-Lie
antialgebra. 
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Lemma 4.4. Let 0 // V
i
// a˜
pi
// a // 0 be a central extension and a˜ be a
perfect Hom-Lie antialgebra. Then there exists at most one homomorphism from
(CE) to a second central extension of a.
Proof. Assume there are two homomorphisms of Hom-Lie antialgebras ϕ,ϕ′ :
a˜ → â. For y1, y2 ∈ a˜1, we have(
ϕ− ϕ′
)
(x1 · x2) = ϕ(x1 · x2)− ϕ
′(x1 · x2)
= ϕ(x1) · ϕ(x2)− ϕ
′(x1) · ϕ
′(x2)
= (ϕ(x1)− ϕ
′(x1)) · ϕ(x2) + ϕ
′(x1) · (ϕ(x2)− ϕ
′(x2))
= 0.
(
ϕ− ϕ′
)
(x1 · y1) = ϕ(x1 · y1)− ϕ
′(x1 · y1)
= ϕ(x1) · ϕ(y1)− ϕ
′(x1) · ϕ
′(y1)
= (ϕ(x1)− ϕ
′(x1)) · ϕ(y1) + ϕ
′(x1) · (ϕ(y1)− ϕ
′(y1))
= 0.(
ϕ− ϕ′
)
([y1, y2]) = ϕ([y1, y2])− ϕ
′([y1, y2])
= [ϕ(y1), ϕ(y2)]−
[
ϕ′(y1), ϕ
′(y2)
]
=
[
ϕ(y1)− ϕ
′(y1), ϕ(y2)
]
+
[
ϕ′(y1), ϕ(y2)− ϕ
′(y2)
]
= 0.
where the last equality follows from the fact that ϕ(x)−ϕ′(x), ϕ(y)−ϕ′(y) ∈ Z(a)
for all x ∈ a0, y ∈ a1. 
Using classical arguments, we can see that a universal central extension, when
it exists, is unique up to an isomorphism.
Lemma 4.5. If 0 // V
i
// a˜
pi
// a // 0 is a universal central extension, then
a˜ and a are perfect Hom-Lie antialgebras.
Proof. By Lemma 4.3 we have to proof that a˜ is perfect. Let us assume that a˜
is not perfect, then [[a˜, a˜]]  a˜. Let W = a˜/[[a˜, a˜]]. Let us consider the central
extension 0 // W
i
// W ⊕ a
pi
// a // 0 where pi : W ⊕ a→ a is the projection.
Then we have the homomorphisms of Hom-Lie antialgebras ϕ,ψ : a˜ → W ⊕ a
given by ϕ(x) = (x + [[a˜, a˜]], pi(x)) and ψ(x) = (0, pi(x)), x ∈ a˜. One can verify
that pi ◦ φ = pi = pi ◦ ψ. Thus 0 // V
i
// a˜
pi
// a // 0 cannot be a universal
central extension. This is a contradiction. 
Theorem 1. A Hom-Lie antialgebra (a, α, β) admits a universal central exten-
sion if and only if (a, α, β) is perfect. Moreover, the kernel of the universal central
extension is canonically isomorphic to the second homology group H2(a).
Proof. We already know that if the Hom-Lie algebra a admit a universal central
extension, then a is perfect. Conversely, for a Hom-Lie antialgebra (a, α, β), we
construct a universal central extension as follows.
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First, we construct a central extension for a given Hom-Lie algebra a. Let Ia
be the subspace of a⊗ a spanned by the elements of the form
x1 ⊗ x2 − x2 ⊗ x1, α(x1)⊗ x2 · x3 − x1 · x2 ⊗ α(x3) ∈ a0 ⊗ a0,
x1 ⊗ y1 − y1 ⊗ x1, α(x1)⊗ x2 · y1 −
1
2
x1 · x2 ⊗ β(y1) ∈ a0 ⊗ a1,
y1 ⊗ y2 + y2 ⊗ y1 ∈ a1 ⊗ a1,
α(x1)⊗ [y1, y2]− x1 · y1 ⊗ β(y2)− β(y1)⊗ x1 · y2 ∈ a0 ⊗ a0 + a1 ⊗ a1,
β(y1)⊗ [y2, y3] + β(y2)⊗ [y3, y1] + β(y3)⊗ [y1, y2] ∈ a1 ⊗ a0.
That is, Ia = Imd3.
We denote the quotient space U = a⊗a
Ia
by uce(a). Elements in this quotient
space of the form x1 ·x2+ Ia, x1 · y1+ Ia and [y1, y2]+ Ia are denoted by x1 ∗x2 ∈
uce(a)0, x1 ∗ y1 ∈ uce(a)1 and {y1, y2} ∈ uce(a)0.
By construction, we have x1∗x2 = x2∗x1, x1∗y1 = y1∗x1, {y1, y2} = −{y2, y1}
and the following identities holds:
α(x1) ∗ (x2 · x3)− (x1 · x2) ∗ α(x3) = 0, (4.1)
α(x1) ∗ (x2 · y1)−
1
2
(x1 · x2) ∗ β(y1) = 0, (4.2)
α(x1) ∗ [y1, y2]− {x1 · y1, β(y2)} − {β(y1), x1 · y2} = 0, (4.3)
{β(y1), [y2, y3]}+ {β(y2), [y3, y1]}+ {β(y3), [y1, y2]} = 0, (4.4)
for all x1, x2, x3 ∈ a0 and y1, y2, y3 ∈ a1.
Note that if we define ω0 : a0 × a0 → uce(a)0, ω1 : a0 × a1 → uce(a)1, ω2 :
a1×a1 → uce(a)0 by ω0(x1, x2) = x1∗x2, ω1(x1, y1) = x1∗y1, ω2(y1, y2) = {y1, y2},
then the above identities (4.1)–(4.4) means that ω = (ω0, ω1, ω2) is a 2-cocycle of
a with coefficients in uce(a).
Since d2(Ia) = d2(d3(a⊗ a⊗ a)) = 0, so it induces a linear map u : uce(a)→ a,
given by
u0(x1 ∗ x2) = x1 · x2,
u1(x1 ∗ y1) = x1 · y1,
u0({y1, y2}) = [y1, y2].
Moreover, if we define α˜, β˜ : uce(a) → uce(a) by α˜(x1 ∗ x2) = α(x1) ∗ α(x2),
α˜({y1, y2}) = {β(y1), β(y2)}, β˜(x1 ∗ y1) = α(x1) ∗ β(y1), then (uce(a), α˜, β˜) is a
Hom-Lie antialgebra with respect to the following structural operations:
(x1 ∗ x2) · (x3 ∗ x4) = (x1 · x2) ∗ (x3 · x4)
{y1, y2} · {y3, y4} = [y1, y2] ∗ [y3, y4]
(x1 ∗ x2) · {y1, y2} = (x1 · x2) ∗ [y1, y2]
(x1 ∗ x2) · (x3 ∗ y1) = (x1 · x3) ∗ (x3 · y1)
{y1, y2} · (x1 ∗ y3) = [y1, y2] ∗ (x1 · y3)
[x1 ∗ y1, x2 ∗ y2] = {x1 · y1, x2 · y2}
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It is easy to see that u : uce(a)→ a is a homomorphism of Hom-Lie antialgebras.
Since the image of u is contained in (a0 · a0 + a0 · a1) ⊕ [a1, a1] and (a, α, β) is a
perfect Hom-Lie antialgebra, so u is a surjective homomorphism.
Second, we verify that this central extension is universal. Now for any central
extension 0 // V
i
// U
pi
// a // 0 , we choose a section s : a → U of pi such
that pi ◦ s = ida. Using that U is a Hom-Lie antialgebra and s(x1 · x2) − s(x1) ·
s(x2), s(x1 · y1 − s(x1) · s(y1), s([y1, y2])− [s(y1), s(y2)] ∈ Z(U), one verifies that
this map annihilates Ia. Thus we obtain a linear map ϕ : uce(a) → U by
ϕ(x1 ∗ x2) = s (x1) · s (x2) ,
ϕ(x1 ∗ y1) = s (x1) · s (y1) ,
ϕ({y1, y2}) = [s (y1) , s (y2)] .
By direct computations, we get
ϕ
(
(x1 ∗ x2) · (x3 ∗ x4)
)
= ϕ
(
(x1 · x2) ∗ (x3 · x4)
)
= s(x1 · x2) · s(x3 · x4)
=
(
s(x1) · s(x2)
)
·
(
s(x3) · s(x4)
)
= ϕ(x1 ∗ x2) · ϕ(x3 ∗ x4)
ϕ
(
(x1 ∗ x2) · {y1, y2}
)
= ϕ
(
(x1 · x2) ∗ [y1, y2]
)
= s(x1 · x2) · s([y1, y2])
=
(
s(x1) · s(x2)
)
· [s (y1) , s (y2)]
= ϕ (x1 ∗ x2) · ϕ ({y1, y2})
ϕ
(
[x1 ∗ y1, x2 ∗ y2]
)
= ϕ {x1 · y1, x2 · y2}
= [s(x1 · y1), s(x2 · y2)]
= [s (x1) · s (y1) , s (x2) · s (y2)]
= [ϕ(x1 ∗ y1), ϕ(x2 ∗ y2)]
Similarly, we obtain
ϕ
(
{y1, y2} · {y3, y4}
)
= ϕ
(
{y1, y2}
)
· ϕ
(
{y3, y4}
)
,
ϕ
(
(x1 ∗ x2) · (x3 ∗ y1)
)
= ϕ
(
(x1 ∗ x2)
)
· ϕ
(
(x3 ∗ y1)
)
and
ϕ
(
{y1, y2} · (x1 ∗ y3)
)
= ϕ
(
{y1, y2}
)
· ϕ
(
(x1 ∗ y3)
)
.
Thus ϕ : uce(a)→ U is a Hom-Lie antialgebra homomorphism.
Moreover, we have
pi ◦ ϕ
(
x1 ∗ x2
)
= pi
(
s (x1) · s (x2)
)
= pi (s (x1)) · pi (s (x2))
= x1 · x2 = u
(
x1 ∗ x2
)
12 T. ZHANG AND D. ZHONG
pi ◦ ϕ
(
x1 ∗ y1
)
= pi
(
s (x1) · s (y1)
)
= pi (s (x1)) · pi (s (y1))
= x1 · y1 = u
(
x1 ∗ y1
)
(pi ◦ ϕ)
(
{y1, y2}
)
= pi
(
[s (y1) , s (y2)]
)
= [pi (s (y1)) , pi (s (y2))]
= [y1, y2] = u
(
{y1, y2}
)
which implies pi ◦ ϕ = u.
Finally, since (uce(a), α˜) is a perfect Hom-Lie antialgebra, so by Lemma 4.4 we
have ϕ is unique.
From the above construction, it follows that the kernal of u is H2(a), so we
have the central extension
0 // H2(a)
i
// uce(a)
pi
// a // 0 .
The proof is finished. 
It is interesting to study the lifting of automorphisms and derivations to central
extensions, and to study the general theory of non-abelian tensor product of two
Hom-Lie antialgebras. We leave these problems for further investigations.
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